Abstract: Despite the growing interest in underwater and space applications, terrestrial freespace optical (FSO) links still remain of main priority, and the performance of such systems is deeply dependent not only on weather conditions but also on atmospheric scintillation and misalignment errors. In this paper, a thorough investigation of the capacity performance of FSO systems in the presence of generalized pointing errors is carried out. Novel approximate closed-form solutions to estimate the capacity from low to high signal-to-noise ratio (SNR) are for the first time presented and carefully analyzed when pointing errors follows the wellknown Beckmann distribution. By using the developed expressions, it is concluded that the capacity can be optimized according to a specific beam width, achieving an improvement on the order of ≈ 10 dB. The most striking thing is that the optimum beam width value depends on the SNR range, i.e., on atmospheric scintillation and misalignment errors, deriving different optimum values at low, medium, and high SNR. Analytical results are verified by Monte Carlo simulation results.
Introduction

Motivation and Related Work
According to recent advances in free-space optical (FSO) communication systems, it has been demonstrated that FSO communication is an emerging broadband technology, which is able to offer a plenty of potential applications such as last-mile access, fiber optic backup, metro network extension, high data-rate links between buildings, and back-haul for wireless cellular 5G networks, among others [1] , [2] . Despite the well-known advantages of terrestrial FSO links, atmospheric effects such as heavy fog as well as the effect of atmospheric scintillation and misalignment errors can significantly deteriorate the capacity performance [3] . Therefore, much research in recent years has focused on how to improve the performance analysis of FSO systems.
In this context, the ergodic capacity analysis of terrestrial FSO links has generated research interest in the last few years in order to evaluate the maximum data rate that can be transmitted over these turbulent channels. However, to the best of the authors' knowledge, neither the ergodic capacity analysis of terrestrial FSO links over atmospheric turbulence channels with generalized pointing errors nor the beam width optimization for the capacity has been addressed in-depth in the literature [4] - [11] . The first studies of ergodic capacity of FSO systems were performed without considering pointing errors [4] , [6] - [8] . In [5] , [9] , the effect of zero boresight pointing errors on the capacity was analyzed over gamma-gamma (GG) fading channels. In [10] , an asymptotic ergodic capacity analysis at high signal-to-noise ratio (SNR) was only carried out, considering nonzero boresight pointing errors for the first time. A much more realistic misalignment error model was used in [11] , where an asymptotic ergodic capacity analysis was performed at high SNR over lognormal (LN) and GG atmospheric turbulence channels, no obtaining a valid closed-form expression for the entire SNR regime. As can be observed, the ergodic capacity of terrestrial FSO links with pointing error modeled by the Beckmann distribution, i.e., considering different jitters and different nonzero boresight displacements for each axis, has not been addressed from low to high SNR due to the fact that a closed-form solution for its probability distribution is unknown [12, Eq. (31) ]. Moreover, no optimization studies to maximize the ergodic capacity has been carried out in the presence of generalized pointing errors.
Motivated by the above, it is evident that there is an important need for addressing efficiently this research problem and discovering how the capacity is jointly affected by atmospheric turbulence and generalized pointing errors and how the capacity can be optimized accordingly in the whole SNR range.
Contributions
In this work, a thorough investigation of the ergodic capacity of terrestrial FSO links is for the first time presented, paying particular attention to the influence of generalized misalignment errors on the capacity and how this damaging effect can be mitigated in the whole SNR regime by using optimization methods. So far, the performance of FSO systems with generalized pointing errors has only been studied in terms of the bit error-rate (BER) and outage probability [13] - [16] , but not in terms of the capacity, only a few asymptotic results in [11] . In this way, the main contributions of this work are detailed as follows:
r We derive novel approximate closed-form expressions for the ergodic capacity over LN and GG atmospheric turbulence channels, which are valid from low to high SNR. Asymptotic expressions at high SNR for the ergodic capacity presented in [11] are exploited in this work to obtain the optimum beam width at high SNR. Monte Carlo simulation results are always included to verify the analytical results.
r The major contribution of this work is the capacity optimization analysis, where the developed approximate closed-form expressions are used to analyze the influence of generalized pointing errors on the capacity. This impact is minimized according to an optimum beam width for potential FSO applications and, hence, the capacity is maximized. One of the most interesting conclusions is that the optimum beam width value depends on the SNR range, obtaining different optimum values at low, medium and high SNR. The previous point is fundamental to perform an useful optimization analysis.
r In contrast to prior literature such as [10] , [11] , where the effect of nonzero boresight poiting error is assumed to derive some asymptotic results at high SNR for the ergodic capacity, we carefully investigate the ergodic capacity for different turbulence conditions and generalized pointing errors from low to high SNR. New results and conclusions are derived from the beam width optimization analysis, which can be used by design engineers before implementation. The remainder of this work is arranged as follows. System and channel models are detailed in Section 2. In Section 3, we obtain the novel approximate closed-form expressions for the ergodic capacity of FSO communication systems over LN and GG atmospheric turbulence channels with generalized pointing errors as well as some examples are illustrated. The beam width optimization analysis to maximize the ergodic capacity is performed in Section 4 by making use of Section 3. Finally, we conclude this work in Section 5.
System and Channel Models
We consider intensity-modulation and direct-detection (IM/DD) links as shown in Fig. 1 , where the electrical SNR for the FSO link is written as
where h is the channel gain, P t is the transmitted optical power, σ 2 n = N 0 /2 is the noise variance at the receiver that is modeled as additive white Gaussian noise (AWGN) with zero mean, and γ = P 2 t /N 0 represents the SNR in absence of fading. The channel gain, h , is modeled as h = L · h a · h p , where L represents the atmospheric attenuation [17] , h a is the atmospheric turbulence, i.e., either LN or GG distributions [3] , [18] , and h p are the generalized pointing errors [13] .
Statistical Background
From [13] , [15] , the probability density function (PDF) of h p due to generalized pointing errors is approximated by a modified Rayleigh distribution as follows
where the parameter ϕ mod is defined as ϕ mod = ω z eq /2σ mod , ω 
The above parameter considers a nonzero boresight error and different jitters for each axes. The expression of A mod was obtained in [13, Eq. (15) ] as
where ϕ x = ω z eq /2σ x and ϕ y = ω z eq /2σ y , and A 0 = [erf(v)] 2 is the fraction of the collected power at r = 0.
Regarding the composite fading channel, for weak turbulence, the PDF of the FSO link for LN turbulence with zero boresight pointing errors was presented in [19] . Due to the fact that generalized pointing errors are approximated by a modified Rayleigh distribution [13] , we can use the expression provided in [19] as an accurate approximation of the combined PDF of LN turbulence with generalized pointing errors as follows
where μ = 2σ
, and σ 2 X is the log-amplitude variance given by σ
is the Rytov variance for a spherical wave. Here, κ = 2π/λ is the optical wave number, λ is the wavelength in nanometers, and C 2 n is the refractive index structure parameter [20] . It should, however, be noted that the above expression represents an approximation of the combined PDF of LN atmospheric turbulence and pointing errors modeled by Beckmann distributions, whose precision is validated in Section 3.
For moderate-to-strong turbulence, the approximate PDF of the FSO link for GG turbulence with generalized pointing errors was presented in [13, 
eqn. (16)] and it is given by
where
, and parameters α and β can be computed by using the equations provided for spherical wave propagation in [22] .
The Rytov variance, σ 
Ergodic Capacity Analysis of Terrestrial FSO Links
The ergodic capacity for terrestrial FSO systems in bits/s/Hz by assuming IM/DD links and instantaneous channel side information (CSI) at the receiver is defined as
where B is the channel bandwidth, ln(·) is the natural logarithm [21, Eq. (1.511)], γ is the SNR in absence of fading as defined in Eq. (1), and f h (h ) is the approximate PDF. Note that the ergodic capacity can be perfectly applied to terrestrial FSO links when some aspects related to the information theory are considered: a) when the message is long enough to reveal long-term ergodic properties of the turbulence process [23] . This fact has been taken into account in the literature in the context of FSO communication systems [10] , [11] , [24] - [26] (and references therein); b) the ergodic capacity for terrestrial FSO links based on IM/DD systems is a lower bound [27] .
Weak Turbulence
Firstly, we solve the integral in Eq. (7) for LN atmospheric turbulence as given in Eq. (5). The ergodic capacity over LN atmospheric turbulence channels with generalized pointing errors is expressed as
By making the change of variable of t =
, the above integral can be rewritten as
It must be mentioned that the integral in Eq. (9) is quite complex and no closed-form expression can be found. Hence, efficient numerical techniques can be used to calculate the ergodic capacity over LN atmospheric turbulence channels. The ergodic capacity expression for LN turbulence appears in integral form. Hence, the numerical evaluation of this integral will be validated by Monte Carlo simulation results when no approximation of the Beckmann distribution is used. An asymptotic closed-form solution at high SNR was derived in [11] as follows
Moderate-to-Strong Turbulence
Secondly, we solve the integral in Eq. (7) for GG atmospheric turbulence as given in Eq. (6). The ergodic capacity over GG atmospheric turbulence channels with generalized pointing errors is expressed as
The above integral can be evaluated using [28 
An asymptotic closed-form solution at high SNR was derived in [11] as follows 
Miscellany
The asymptotic ergodic capacity analysis can be expanded in order to evaluate a point where the expression in Eq. (10) (10) ln(e/2π) 2
And from Eq. (13), the expression of γ th [dB] for GG atmospheric turbulence can be derived as (10) ln(e/2π) 2
Finally, we can conclude that the approximate closed-form expressions obtained in this work allow us to study the ergodic capacity of specific terrestrial FSO links affected by generalized pointing errors. In addition, the closed-form expressions in Eqs. (9) and (12) also allow us to estimate the capacity from low to high SNR and can be computed using the proper mathematical software packages. It is noteworthy to mention that these ergodic capacity expressions never were derived in earlier paper in the presence of generalized pointing errors. Moreover, the asymptotic expressions (10) and (13) are exploited here to obtain the optimum beam width at high SNR.
Numerical Examples
The corresponding results of this ergodic capacity analysis over LN and GG atmospheric turbulence channels with generalized pointing errors are depicted in Fig. 2 . Table 1 summarizes the different FSO scenarios considered in this analysis, as usually assumed in the literature [19] , [30] - [32] . Monte Carlo simulation results 1 are furthermore included as a reference by using solid lines in both figures in order to observe not only the approximate closed-expressions presented in this work but also the asymptotic tightness at high SNR by using the expressions derived in the previous section. Moreover, the ergodic capacity of the FSO link with no pointing errors (npe) is added as a benchmark. According to Table 1 , normalized beam width values of ω z /a = {8, 12} together with normalized boresight error values of (μ x /a, μ y /a) = {(1, 2), (3, 1)} are assumed for weak and strong turbulence conditions.
In Fig. 2(a) , the results corresponding to LN atmospheric turbulence model are displayed when source-destination link distances of d SD = {1, 1.5} km are assumed for weak turbulence. At the same time, in Fig. 2(b) , the results corresponding to GG atmospheric turbulence model are displayed when a source-destination link distance of d SD = 3 km is assumed for moderate turbulence and d SD = 5 km for strong turbulence. It must be noted that the obtained results provide a good agreement between the analytical results by using the developed approximate expressions and the respective simulated results. This aspect is fundamental due to the fact that a very precise approximation of the ergodic capacity in the entire SNR regime, i.e., from low to high SNR, is required to perform an accurate beam width optimization analysis. We can further conclude that the approximate closedform expressions obtained in this work are totally valid for the entire SNR range. As expected, the 1 In order to verify the accuracy and usefulness of the derived expressions, Monte Carlo simulation results are further added by generating the corresponding random variables from the exact PDFs and no approximations are utilized. For the Beckmann distribution, this one is generated from the square root of the sum of two independent squared normal RVs with different means (nonzero boresight errors) and different variances (jitters) without using approximations. ergodic capacity of terrestrial FSO links is strongly dependent on generalized pointing errors. This effect cannot be ignored, producing a loss of approximately of 40-50 dB depending on the severity of pointing errors. Next, we find the optimum normalized beam width value that is able to minimize the effect of pointing errors on the capacity.
Beam Width Optimization Analysis
As observed in previous figures, the impact of generalized pointing errors on the capacity cannot be ignored. This section is dedicated to the beam width optimization of terrestrial FSO links affected by generalized pointing errors with the goal of mitigating such a damaging effect. To do that, we divide this analysis into three different parts depending on the SNR range, i.e., low, medium and high SNR. It is well known that the capacity at low SNR can be approximated by the first moment of the SNR in Eq. (1). In this way, the impact of pointing errors can be determined by the mean of h 2 p , i.e., E[h 2 p ] with E denoting expectation. It can be demonstrated that the impact of generalized pointing errors on the capacity is greater as pointing errors are becoming more severe, not obtaining an optimum beam width value. In other words, the smaller normalized beam width value is used, the better performance is achieved for specific pairs of jitter variances and nonzero boresight values.
More importantly, the impact of pointing errors on the capacity presents an interesting behavior from medium to high SNR that must be carefully studied. Firstly, we study the beam width optimization at high SNR and, then, we study the beam width optimization at medium SNR for different channel conditions.
Optimization at High SNR
From Eqs. (14) and (15) 
Note the both expressions do not depend on the atmospheric turbulence model. As an illustration of the impact of generalized pointing errors on the capacity at high SNR, the above expression is depicted in Fig. 3 as a function of the normalized beam width value when different normalized nonzero boresight errors and different normalized jitter variances are considered. As expected, the capacity performance decreases as generalized pointing errors become more severe, i.e., as jitter variances and nonzero boresight errors for different axis take larger values. More importantly, although generalized pointing errors cannot be ignored, they can be considerably mitigated by selecting an optimum beam width at the transmitter side. In other words, there is an optimum normalized beam width value that minimizes the effect of pointing errors on capacity performance at high SNR. As a key feature, this optimum value only depends on pointing error parameters, i.e., the optimum value at high SNR does not depend on atmospheric turbulence. In order to minimize the effect of generalized pointing errors on the capacity, the beam width ω z is chosen to minimize the expression in Eq. (16) . The optimum beam width is derived from the first 
Knowing that ω (24)], we can write the above expression after some easy algebraic manipulations as follows
Notice that the above expression is a transcendental equation. In order to find the optimum normalized beam width value, the second term of the above equation can be accurately approximated by a straight line as
Finally, the normalized optimum beam width that gives the minimum loss and maximizes the capacity is approximated as follows
where χ = μ It should be noted that the above expression is only valid when pointing errors take nonzero values as well as when they are small values, while pointing errors are usually designed to be small. As expected, the optimum normalized beam width increases as the severity of pointing errors also increases. Despite this optimum normalized beam width has been obtained from the asymptotic capacity at high SNR, the expression in Eq. (21) can be used in the entire SNR range as we will see in the next subsection.
Optimization at Medium SNR
As commented at the beginning of this section, another interesting behavior is noticed at medium SNR. In this sense, the optimum normalized beam width is obtained numerically from the expressions derived in this work for the capacity over LN and GG atmospheric turbulence models in Figs. 4(a) and 4(b) , respectively. To the best of our knowledge, it is not possible to find an exact closed-form expression for the optimum beam width at medium SNR. But thanking the closed-form expressions obtained here for the capacity, we can study this interesting phenomenon. For that reason, a numerical optimization method is used to find the optimum beam width in the entire SNR regime for the FSO scenarios considered in Figs. 2(a) and 2(b) . In Figs. 4(a) and 4(b) , the optimum normalized beam width values have been found by using a numerical method based on derivatives for different pointing error values with the help of MATHEMATICA (version 11.1.1.0). Interestingly and unlike at high SNR, it can be observed that the optimum beam width is totally dependent on the SNR value.
Taking into account that the most used modulation scheme in FSO links is On-Off keying (OOK), the FSO link would be able to achieve 1 bit per channel use. According to Fig. 2 , a typical SNR range to achieve 1 bit per channel use could be located nearby 40-50 dB, i.e., at medium SNR, since a higher capacity is subject to capacity-achieving code that has to be long enough [23] . This is the SNR range where the FSO links could take place. We can see that the optimum beam width required to mitigate the effect of generalized pointing errors at medium SNR is smaller than at high SNR. Additionally, the optimum normalized beam width obtained at high SNR is also included in Figs. 4(a) and 4(b) to make a fair comparison. We can observe that the optimum beam width, which was computed numerically, tends asymptotically to the optimum normalized beam width obtained at high SNR in Eq. (21) . This behavior is due to the fact that the optimum beam width depends on the channel conditions at low and medium SNR. On the contrary, as the SNR values increase, the optimum beam width only depends on pointing errors as concluded from the asymptotic ergodic capacity analysis. These conclusions have been drawn from the approximate closed-form expressions presented here. It is noteworthy to mention that the current literature does not take into consideration the capacity at medium SNR due to the difficulty in discovering new results in this part of the SNR range, where a practical FSO system could be operating.
In Fig. 5 , the ergodic capacity is illustrated when different normalized beam width values are used for LN and GG atmospheric turbulence channels. It can be observed that a different behavior is obtained at medium and high SNR. In other words, different optimum width values are derived depending on the SNR range. At high SNR, the closed-form expression in Eq. (21) is able to achieve the best capacity performance by reducing the effect of generalized pointing errors. However, another beam width value is able to achieve a better capacity performance than the expression in Eq. (21) at medium SNR. It can be concluded that there is no an optimum beam width value that is valid for the entire SNR range, but the optimum beam width at high SNR presents a greater robustness to the channel conditions.
Finally, it is concluded that the optimum normalized beam width at high SNR can be considered to be the optimum one for the whole SNR range in most of the cases regardless of the atmospheric turbulence model adopted. It must be highlighted that this expression had never been derived in any earlier paper. As can be noted, the beam width is a crucial parameter in FSO channel design.
Conclusion
The ergodic capacity analysis of terrestrial FSO links is, for the first time, carried out in-depth over atmospheric turbulence channels with pointing errors modeled by Beckmann distributions. Novel approximate closed-form expressions for the capacity are derived over different channel conditions, which have been validated through Monte Carlo simulations.
On the one hand, the most realistic pointing error model proposed so far has been considered to carefully analyze the capacity over LN and GG atmospheric turbulence channels, obtaining closedform expressions that allow us to estimate the capacity in the whole SNR range with high precision. Obtained results have demonstrated that generalized pointing errors cannot be ignored in terrestrial FSO links design since the capacity strongly depends on such misalignment errors.
On the other hand, these results have shown to be meaningful from a practical point of view due to the fact that they make us possible to find the optimum beam width that is able to achieve the maximum capacity when generalized pointing errors are considered regardless of the channel conditions. More importantly, we have also demonstrated that the optimum beam width value is fully dependent on the SNR range, presenting different behaviors at low, medium and high SNR. Interestingly, the optimum beam width at high SNR, which is fully dependent on pointing error parameters, may be considered as the best candidate to maximize the capacity in the entire SNR range. We can conclude that the optimization of the beam width is crucial in FSO link design due to the fact that a great beam footprint can reduce the power incident on a fixed-size receiver. These new results can be used by design engineers before implementation.
From outstanding results presented in this work, we believe that research on the capacity of multiple-input/multiple-output (MIMO) FSO channels in the presence of generalized pointing errors may be quite an interesting topic for future research. The approximation of the Beckmann distribution proposed in this work to efficiently study the capacity of terrestrial FSO links would allow us to address this research problem even taking into account the effect of correlation among pointing errors in a multiple lasers or receivers system.
Appendix A Evaluation of the Parameter σ
mod
The corresponding expression of σ 2 mod is obtained by using the method of central moments. The key idea is to balance between the second-order central moment of r 2 when r follows the Beckmann distribution and the second-order central moment of r 2 when r follows the Rayleigh distribution. Hence, the second-order central moment of r 2 when r follows the Beckmann distribution can be easily expressed from the second-order central moment corresponding to the distribution of the sum of two squared independent normal RVs, yielding 
and the second-order central moment of r 2 when r follows the Rayleigh distribution is derived as 
Now, matching Eq. (22) and Eq. (23), we can derive the expression of σ 
As can be observed from Eq. (24), this expression reduces to the simplest case, i.e., the Rayleigh distribution, when a zero boresight error is considered as well as same jitters. Unlike [13] , [15] , the expression of σ 2 mod is obtained here by balancing the second-order central moment of r 2 when r follows the Beckmann distribution and the second-order central moment of r 2 when r follows the Rayleigh distribution. The second-central moment is able to offer better results in capacity performance than the third-central moment as obtained in [13] , [15] for the BER and outage probability.
